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MONOTONICITY OF SEQUENCES INVOLVING CONVEX FUNCTION AND
SEQUENCE
FENG QI AND BAI-NI GUO
Abstract. Let f be an increasing, convex (concave, respectively) function defined on [0, 1],{
ai
}
i∈N an increasing, positive sequence such that
{
i
(
ai/ai+1− 1
)}
i∈N decreases (the sequence{
i
(
ai+1/ai − 1
)}
i∈N increses, respectively), then the sequence
{
(1/n)
∑n
i=1 f(ai/an)
}
n∈N is
decreasing.
Let f be an increasing, convex (concave, respectively) function defined on [0, 1],
{
ai
}
i∈N an
increasing, positive sequence such that
{
i
(
ai/ai+1−1
)}
i∈N decreases (the sequence
{
i
(
ai+1/ai−
1
)}
i∈N increses, respectively), then the sequence
{
(1/n)
∑n
i=1 f(ai/an)
}
n∈N is decreasing.
1. Introduction
Let I be an interval in R. Then f : I → R is said to be convex if for all x, y ∈ I and λ ∈ [0, 1],
(1) f(λx+ (1− λ)y) 6 λf(x) + (1− λ)f(y).
If (1) is strict for all x 6= y and λ ∈ (0, 1), then f is said to be strictly convex.
If the inequality in (1) is reversed, then f is said to be concave. If inequality (1) is reversed and
strict for all x 6= y and λ ∈ (0, 1), then f is said to be strictly concave.
The finite difference of a sequence {ai}i∈N can be defined by
∆0ai = ai, ∆ai = ai+1 − ai, ∆mai = ∆(∆m−1ai).(2)
We shall say that a sequence {ai}i∈N is convex of order m (m-convex) if ∆mai > 0 for m > 0,
i ∈ N. If {ai}i∈N is 2-convex, we have ai+1 + ai−1 > 2ai for i > 2, the sequence {ai}i∈N is called
convex; if ai+1 + ai−1 6 2ai for i > 2,, we call {ai}i∈N being concave.
Let {ai}i∈N be a positive sequence. If ai+1ai−1 > a2i for i > 2, we call {ai}i∈N a logarithmically
convex sequence; if ai+1ai−1 6 a2i for i > 2,, we call {ai}i∈N a logarithmically concave sequence.
2000 Mathematics Subject Classification. Primary 26D15; Secondary 26A51.
Key words and phrases. Inequality, convex function, logarithmically convex sequence, monotonicity.
The authors were supported in part by NSF of Henan Province (#004051800), SF for Pure Research of Natural
Sciences of the Education Department of Henan Province (#1999110004), Doctor Fund of Jiaozuo Institute of
Technology, and NNSF (#10001016) of China.
This paper was typeset using AMS-LATEX.
1
2 F. QI AND BAI-NI GUO
Let f be a strictly increasing convex (or concave) function in (0, 1], Professor J.-C. Kuang in [4]
verified that
(3)
1
n
n∑
k=1
f
(k
n
)
>
1
n+ 1
n+1∑
k=1
f
( k
n+ 1
)
>
∫ 1
0
f(x) dx.
In [11], the author generalized the results in [4] and obtained the following main result and some
corollaries: Let f be a strictly increasing convex (or concave) function in (0, 1], then the sequence
1
n
∑n+k
i=k+1 f
(
i
n+k
)
is decreasing in n and k and has a lower bound
∫ 1
0
f(t) dt, that is,
(4)
1
n
n+k∑
i=k+1
f
( i
n+ k
)
>
1
n+ 1
n+k+1∑
i=k+1
f
( i
n+ k + 1
)
>
∫ 1
0
f(t) dt,
where k is a nonnegative integer, n a natural number.
With the help of thses conclusions, we can deduce the Alzer’s inequality, the Minc-Sathre’s
inequality, and more other inequalities involving the sum of powers of positive numbers. These
inequalities have been investigated by many mathematicians. For more information, please refer
to the references in this paper.
In this article, by similar method as in [4, 11], considering the convexity of a given function or
sequence, using the Hermite-Hadamard inequality in [3, 7], we obtain
Theorem 1. Let f be an increasing, convex (concave, respectively) function defined on [0, 1],{
ai
}
i∈N an increasing, positive sequence such that
{
i
(
ai/ai+1 − 1
)}
i∈N decreases (the sequence{
i
(
ai+1/ai − 1
)}
i∈N increses, respectively), then the sequence {(1/n)
∑n
i=1 f(ai/an)}n∈N is de-
creasing. That is
(5)
1
n
n∑
i=1
f
( ai
an
)
> 1
n+ 1
n+1∑
i=1
f
( ai
an+1
)
>
∫ 1
0
f(t) dt.
Theorem 2. Let f be an increasing, convex (or concave), positive function defined on [0, 1], ϕ
an increasing, convex, positive function defined on (0,∞) such that {ϕ(i) [ϕ(i)/ϕ(i+ 1)− 1]}i∈N
decreases, then {(1/ϕ(n))∑ni=1 f(ϕ(i)/ϕ(n))}n∈N is decreasing. That is
(6)
1
ϕ(n)
n∑
i=1
f
(
ϕ(i)
ϕ(n)
)
> 1
ϕ(n+ 1)
n+1∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
.
2. Proofs of Theorems
Proof of Theorem 1. The left inequality in (5) is equivalent to
n
n+1∑
i=1
f
( ai
an+1
)
6 (n+ 1)
n∑
i=1
f
( ai
an
)
,
n
n∑
i=1
f
( ai
an+1
)
+ nf(1) 6 (n+ 1)
n∑
i=1
f
( ai
an
)
,
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n
n∑
i=1
f
( ai
an+1
)
6
n∑
i=1
[
(i− 1)f
(ai−1
an
)
+ (n− i+ 1)f
( ai
an
)]
,
n∑
i=1
f
( ai
an+1
)
6
n∑
i=1
[ i− 1
n
f
(ai−1
an
)
+
(
1− i− 1
n
)
f
( ai
an
)]
,(7)
where we let a0 = 0.
Since the sequence
{
i
(
ai
ai+1
− 1
)}
i∈N
decreases and
{
i
(
ai+1
ai
− 1
)}
i∈N
increases, then we have
n
( an
an+1
− 1
)
6 (i− 1)
(ai−1
ai
− 1
)
,(8)
n
(an+1
an
− 1
)
> i
(ai+1
ai
− 1
)
.(9)
Inequality (8) can be rewritten as
(10)
(i− 1)ai−1 + (n− i+ 1)ai
nan
> ai
an+1
,
and inequality (9) yields
(n+ 1)
(an+1
an
− 1
)
> i
(ai+1
ai
− 1
)
,
iai+1 + (n− i+ 1)ai
(n+ 1)an+1
6 ai
an
.(11)
Since f is increasing, from (10) and (11), we have
f
(
(i− 1)ai−1 + (n− i+ 1)ai
nan
)
> f
( ai
an+1
)
,(12)
f
(
iai+1 + (n− i+ 1)ai
(n+ 1)an+1
)
6 f
( ai
an
)
.(13)
If f is convex, then
(14)
i− 1
n
f
(ai−1
an
)
+
(
1− i− 1
n
)
f
( ai
an
)
> f
(
(i− 1)ai−1 + (n− i+ 1)ai
nan
)
.
Combination of (14) with (12) leads to
(15) f
( ai
an+1
)
6
[ i− 1
n
f
(ai−1
an
)
+
(
1− i− 1
n
)
f
( ai
an
)]
,
inequality (7) follows.
If f is concave, then
i
n+ 1
f
( ai+1
an+1
)
+
(
1− i
n+ 1
)
f
( ai
an+1
)
6 f
( i
n+ 1
· ai+1
an+1
+
n− i+ 1
n+ 1
· ai
an+1
)
= f
( iai+1 + (n− i+ 1)ai
(n+ 1)an+1
)
.
(16)
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¿From (13) and (16), we obtain
n∑
i=1
[ i
n+ 1
f
( ai+1
an+1
)
+
(
1− i
n+ 1
)
f
( ai
an+1
)]
6
n∑
i=1
f
( ai
an
)
,
that is
n∑
i=1
i
n+ 1
f
( ai+1
an+1
)
+
n∑
i=1
( n
n+ 1
− i− 1
n+ 1
)
f
( ai
an+1
)
=
n
n+ 1
f(1) +
n
n+ 1
n∑
i=1
f
( ai
an+1
)
=
n
n+ 1
n+1∑
i=1
f
( ai
an+1
)
6
n∑
i=1
f
( ai
an
)
.
(17)
The final line in (17) implies the left inequality in (5).
Finally, by definition of definite integral, the right inequality in (5) follows. 
Proof of Theorem 2. Since
(18) ϕ(i)
(
ϕ(i)
ϕ(i+ 1)
− 1
)
6 ϕ(i− 1)
(
ϕ(i− 1)
ϕ(i)
− 1
)
,
therefore we obtain
(19) ϕ(n)
(
ϕ(n)
ϕ(n+ 1)
− 1
)
6 ϕ(i− 1)
(
ϕ(i− 1)
ϕ(i)
− 1
)
,
that is
(20)
ϕ(i)
ϕ(n+ 1)
6 ϕ
2(i− 1) + [ϕ(n)− ϕ(i− 1)]ϕ(i)
ϕ2(n)
.
¿From monotonicity of f , letting ϕ(0) = 0, we have
f
(
ϕ(i)
ϕ(n+ 1)
)
6 f
(
ϕ2(i− 1) + [ϕ(n)− ϕ(i− 1)]ϕ(i)
ϕ2(n)
)
,(21)
n∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
6
n∑
i=1
f
(
ϕ2(i− 1) + [ϕ(n)− ϕ(i− 1)]ϕ(i)
ϕ2(n)
)
.(22)
Since ϕ is convex and f is positive, if f is convex, then
n∑
i=1
f
(
ϕ2(i− 1) + [ϕ(n)− ϕ(i− 1)]ϕ(i)
ϕ2(n)
)
6
n∑
i=1
{
ϕ(i− 1)
ϕ(n)
f
(
ϕ(i− 1)
ϕ(n)
)
+
ϕ(n)− ϕ(i− 1)
ϕ(n)
f
(
ϕ(i)
ϕ(n)
)}
6
n∑
i=1
{
ϕ(i− 1)
ϕ(n)
f
(
ϕ(i− 1)
ϕ(n)
)
+
ϕ(n+ 1)− ϕ(i)
ϕ(n)
f
(
ϕ(i)
ϕ(n)
)}
.
(23)
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¿From (22) and (23), we get
(24)
n∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
6
n∑
i=1
{
ϕ(i− 1)
ϕ(n)
f
(
ϕ(i− 1)
ϕ(n)
)
+
ϕ(n+ 1)− ϕ(i)
ϕ(n)
f
(
ϕ(i)
ϕ(n)
)}
,
that is
ϕ(n)
n∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
6
n∑
i=1
{
ϕ(i− 1)f
(
ϕ(i− 1)
ϕ(n)
)
+ [ϕ(n+ 1)− ϕ(i)]f
(
ϕ(i)
ϕ(n)
)}
= ϕ(n+ 1)
n∑
i=1
f
(
ϕ(i)
ϕ(n)
)
− ϕ(n)f(1).
(25)
Inequality (25) is equivalent to
ϕ(n+ 1)
n∑
i=1
f
(
ϕ(i)
ϕ(n)
)
> ϕ(n)
n+1∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
,(26)
1
ϕ(n)
n∑
i=1
f
(
ϕ(i)
ϕ(n)
)
> 1
ϕ(n+ 1)
n+1∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
.(27)
Now assume f is concave. Then
(28)
ϕ(i)
ϕ(n+ 1)
f
(
ϕ(i+ 1)
ϕ(n+ 1)
)
+
(
1− ϕ(i)
ϕ(n+ 1)
)
f
(
ϕ(i)
ϕ(n+ 1)
)
6 f
(
ϕ(i)ϕ(i+ 1) + ϕ(i)ϕ(n+ 1)− ϕ2(i)
ϕ2(n+ 1)
)
.
Since ϕ is increasing and convex, then easy computation gives us
(29)
ϕ(i)ϕ(i+ 1) + ϕ(i)ϕ(n+ 1)− ϕ2(i)
ϕ2(n+ 1)
6 ϕ(i)
ϕ(n)
.
Therefore, from convexity of ϕ, we have
n∑
i=1
f
(
ϕ(i)
ϕ(n)
)
>
n∑
i=1
{
ϕ(i)
ϕ(n+ 1)
f
(
ϕ(i+ 1)
ϕ(n+ 1)
)
+
(
1− ϕ(i)
ϕ(n+ 1)
)
f
(
ϕ(i)
ϕ(n+ 1)
)}
=
n+1∑
i=1
ϕ(n+ 1) + ϕ(i− 1)− ϕ(i)
ϕ(n+ 1)
f
(
ϕ(i)
ϕ(n+ 1)
)
> ϕ(n)
ϕ(n+ 1)
n∑
i=1
f
(
ϕ(i)
ϕ(n+ 1)
)
.
(30)
The proof is complete. 
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3. Corollaries
As special cases of Theorem 1 and 2, we will obtain many inequalities for the sum of powers of
positive numbers.
Corollary 1. Let f be an increasing, convex (or concave) function defined on [0, 1], {ai}i∈N
a logarithmically convex (or a logarithmically concave), increasing, positive sequence, then the
sequence {(1/n)∑ni=1 f(ai/an)}n∈N is decreasing.
Corollary 2. Let f be an increasing, convex (or concave), positive function defined on [0, 1], ϕ an
increasing, convex, logarithmically convex, positive function defined on (0,∞), then the sequence
{(1/ϕ(n))∑ni=1 f(ϕ(i)/ϕ(n))}n∈N is decreasing.
It is clear that the function f(x) = xr is strictly increasing in [0, 1] for r > 0 and is convex for
r > 1, and is concave for 0 < r < 1, take ai = i in Theorem 1, then we have
Corollary 3 ([1]). Let n ∈ N, then for any r > 0, we have
(31)
n
n+ 1
6
(
1
n
n∑
i=1
ir
/
1
n+ 1
n+1∑
i=1
ir
)1/r
.
The lower bound is best possible.
If let f(x) = xr, r > 0, x ∈ [0, 1], and ai = i + k, k is a given natural number, in Theorem 1,
then we obtain
Corollary 4 ([10]). Let n and m be natural numbers, k a nonnegative integer. Then
(32)
n+ k
n+m+ k
<
(
1
n
n+k∑
i=k+1
ir
/
1
n+m
n+m+k∑
i=k+1
ir
)1/r
,
where r is any given positive real number. The lower bound is best possible.
Let ai = ai+k, a > 1, k is a nonnegative integer, and let f(x) = xr, r > 0, x ∈ [0, 1], in
Theorem 1, then
Corollary 5. For a > 1, let n ∈ N and r > 0, then
(33)
(
1
n
n∑
i=1
air
/
1
n+ 1
n+1∑
i=1
air
)1/r
>
1
a
.
Let ϕ(x) = ax+k, x > 0, a > 1, k is a nonnegative integer, and let f(x) = xr, r > 0, x ∈ [0, 1]
in Theorem 2, then
Corollary 6. For n,m ∈ N, k ∈ N ∪ {0} and r > 0, we have
(34)
1
am
<
{
1
an
n+k∑
i=k+1
air
/
1
an+m
n+m+k∑
i=k+1
air
}1/r
,
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that is,
(35)
1
am(r+1)
6
n+k∑
i=k+1
air
/
n+m+k∑
i=k+1
air ,
where a > 1 is a positive real number.
Let f(x) = xr, r > 0, x ∈ [0, 1], ϕ = x+ k, k is a given natural number in Theorem 2, then we
have
Corollary 7. Let n and m be natural numbers, k a nonnegative integer, then
(36)
(
1
n+ k
n+k∑
i=k+1
ir
/
1
n+ k +m
n+k+m∑
i=k+1
ir
)1/r
>
n+ k
n+ k +m
,
where r is any given positive real number.
Since ln(1 + x) and ln x1+x are strictly increasing concave function in (0, 1], let f(x) = ln(1 + x)
or f(x) = ln x1+x in (5) respectively, by direct calculation, we have
Corollary 8. If {ai}i∈N is an increasing, positive sequence such that
{
i
(ai+1
ai
− 1)}
i∈N increases,
then we have
(37)
an
an+1
6 n
√√√√ n∏
i=1
(ai + an)
/
n+1
√√√√n+1∏
i=1
(ai + an+1) 6 n
√√√√ n∏
i=1
ai
/
n+1
√√√√n+1∏
i=1
ai .
Let f(x) = ln(1 + x) in (6), by direct computation, we obtain
Corollary 9. If the function ϕ is an increasing, convex, positive function defined on (0,∞) such
that {ϕ(i) [ϕ(i)/ϕ(i+ 1)− 1]}i∈N decreases, then
(38)
[ϕ(n)]n/ϕ(n)
[ϕ(n+ 1)](n+1)/ϕ(n+1)
6 ϕ(n)
√√√√ n∏
i=1
[ϕ(i) + ϕ(n)]
/
ϕ(n+1)
√√√√n+1∏
i=1
[ϕ(i) + ϕ(n+ 1)] .
Remark 1. The inequalities (37) and (38) generalize those obtained in [4], [11], and [14].
Remark 2. If taking more special functions f , ϕ, and {ai}i∈N in Theorem 1 and 2, we can obtain
more new concrete inequalities involving sums or products of positive sequences.
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